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Seqguence & Progression

Sequence : Asequence is a function whose domain is the set N of natural numbers. Since the domain

for every sequence is the set N of natural numbers, therefore a sequence is represented by its range.
Iff:N—>R,thenf(n) =t n e Nis called a sequence and is denoted by

{f(1), f(2), f(3)seecverrrnne... §=
LS S S }=1{t}
Real Seq uence : A sequence whose range is a subset of R is called a real sequence.
Examples : () 2,58, 11, .o (i) 4,1, -2, =5, i,
(iii) 3, -9, 27, - 81, ........................
Types of Sequence On the basis of the number of terms there are two types of sequence.
@i Finite sequences : A sequence is said to be finite if it has finite number of terms.
(| ) Infinite sequences : A sequenceis said to be infinite if it has infinite number of terms.
Solved Example # 1 Write down the sequence whose n'" term is
. 2" . 3+(-"
i — i Ee—
O (i) 3
n
Solution. 0] Lett = —
putn—1234 .............. we get

8
so the sequence is 2,2, 3 4, ...
3+(-1"
(i) Lett = (n )
putn=1,2, 3,4, ...
. . 2 4 274
_ so the sequence is 30 9l o7 gL
Series By adding or substracting the terms of a sequence, we-get an expression whichris called a
series. If
Ay, Ay Agynnnnns a_is asequence, then.the expression a, + a, +a, + ..... +a_is aseries.
Elxample G) 1+2+83+4+ ol +n

(ir) 2+4+8+16+ ...

P rogresslion : itis'not necessary that the terms of a sequence always follow a certain pattern or they
are described by some explicit formula for the n term. Those sequences whose terms follow certain
patterns are called progressions.

An arithmetic progression (A.P.):

A.Plis a sequence whose terms increase or-decrease by a fixed number. This fixed number is called

the common difference. If a is the firstterm & d the common difference, then A.P. can be written as a,

at+td,a+2d,...... a+(h-1)d,........

Example —4,-1,2,5 ... ...

n!" term of an A.P.

Let a be the first termand d be the common difference of an A.P., then

~
~

t=a+(n-1)d where d=a —-a
Solved Examplé # 2 Ift, of an A.P.is— 61 and't, = 64, find t,,
Solution. Let a be the first tefm and d be the common difference
SO t54 =a+53d=-61 ... (i)
and t,=a+3d=64 ... (in
equatlon (|) (||)
=-125
g= 5 _ 143
== 3 = a= >
_ 143 _E _
o] to= N +9 5 = 49
Solved Example # 3 Find the number of terms in the sequence 4, 12, 20, ........ 108.
Solution. a=4,d=8 so 108 =4+ (n—1)8 = n=14
(i) The sum of first n terms of are A.P.

If ais first term and d is common difference then

S

n

n 2
> Rar(n-1)d

E[a+€]: nt
pte 41

where 7 is the last term and t is the middle term.

n+1
2
(iii) r'" term of an A.P. when sum of firstr terms is givenist =s - S
Solved Example # 4

Find the sum of all natural numbers divisible by 5, but less than 100.
Solution. All those numbers are 5, 10, 15, 20, ........... 95.
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r—1°

19
Here a=5 n=19 /=95 so S——(5+95)—950
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Solved Example #5

Find the sum of all the three digit natural numbers which on division by 7 leaves remainder 3.
Solution. All these numbers are 101, 108, 115, ........ 997, tofind n.
997=101+(n-1)7 = n=129

129
so S= =~ [101 +997] = 70821.

1
) Solved Example # 6 The sum of nterms of two A.Ps. arein ratlo o7 . Find the ratio of their 11* terms.
Sol. Leta, and a, be the first terms and d, and d, be the common dlfferences of two A.P.s respectively then Q
1 ©
D [2a, + (n-1dy) a {”j d
2 7n+1 U2 )Y s “
n = — = —_— M Y —
SR +(n-1d;] ~ 4n+27 a, + (n 1j g, 4n+27 =2
2 o
For ratio of 11" terms
n-1
— =10 = n=21
2
_ N o 7(2h+1
so ratio of 11" terms is —4(21)+ 57
_ 148
111
Solved Example # 7 If sum of nterms of a sequence isgivenby S_=2n?+ 3n, find its 50" term.
Solution. Lett is n™ term of the sequencesot =s —s__..
=2n?+ 3n-2(n-1)> —3(n-1)
=4n+1
SO = 201.
Self Practlce %’roblems _ _ )
1 Which term of the sequence 2005, 2000, 1995, 1990, 1985, ............. contains the first negative term
Ans.  403.
2. For an A.P. showthat
t + t2n+m 7 2 tm+n
3. Find the Thaximiim sum’ 6f the A.P. 40, 38, 36, 34,32, .............. Ans. 420
Properties of A.P.
() The'common difference can be zero, positive or negative.
(i) Ifa,b,careinA.P. = 2b=a+c¢c&ifa,b,c,dareinAP. = a+d=b+c.
(i) Three numbers in A.P. can betaken as a—d, a, a +d; four numbers in A.P. can be taken as

a-3d,a-d,a+d, a+3d; five numbersinA.P.area-2d,a-d;.a, a+d,a+2d &six termsin
A.P.are a-5d, a-3d, a—-d,a+d, a+3d, a+5d etc.

(iv) The sum of the terms of an.A:P. equidistant from the beginning & end is constant. and.equal to
the sum of first & last terms.

) Any term of an A.P. (except the-first) is equal to half the sum of terms which are eqwdlstant
fromit, a, = 1/2( k<n.Fork=1,a,=(1/2)(a,_,+a,.,);
Fork =2, a, = (1/f)k(an 2+ an+2) and so on.

(vi) If each term of an‘A.P. is increased, decreased, multiplied or divided by the sA.M.e non zero
number, then the resulting sequence is also an ‘AP..
Solved Example # 8 The sum of three numbers in A.P. is 27 and the sum of their squares is 293, find them

Solution. Let the numbers be
a—-d, a, a+d
SO 3a=27 = a=9

Also (a—d)2+a?+ (a+ d)2=293.

3a® + 2d? =293

d?2=25 = d=+5
therefore numbers are 4, 9, 14.

5
Solved Example #9 Ifa,, a, a,, a,, a, are in A.P. with common difference = 0, then find the value of Za.
i=1
when a,=2.
Solution. Asa,a, a, a, a,, are inA.P., we have
ata=a,+ta,= 2a

Hence Za, =
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1 1
Solved Example # 10 If , , are in A.P. prove that a2, b?, c? are also in A.P.
b+c’ c+a’ a+b
. 1 1 1 _
Solution. , , are in A.P.
b+c’ c+a’ a+b
1 1 1 1 b+tc-c-a c+a-a-b
= ctra b+c a+b c+a (c+a)(b+c) ~ (a+b)(c+a)
b-a c-b ]
= = = b?-a?=c2-b? = a2 b? c?areinA.P.

b+c a+b
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b+c-a c+a-b a+b-c ) 1 1 1 )
Solved Example # 11 If , , are inA.P., then —, —, — are alsoin A.P.
a b a'b’c
) . b+c-a c+a-b a+b-c .

Solution. Given a , b , o areinA.P.

Add 2 to each term

b+c+a c+a+b a+b+c )
= ) ) are in A.P.
a b
o 1 1 1 ]
divide eachbya+b+c = PRI in A.P.
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Arithmetic Mean (Mean or Average) (A.M.):

NOTE: Sum of n A.M.’s inserted between a & b is equal to n times the single A.M. between a & b

.1 -
Solved Example # 12 Between two numbers whose sum is ?3 an even number of A.M.s is inserted, the 5y

Solution. Let a and b be two numbers and 2n A.M.s are inserted between a and b then

13 . 13
= = ivena+b=—
n[Gj—2n+1. {9 6}
= n = 6: Number of means=12.
Solved Example# 13 Insert 20 A.M. between 2 and 86.
Solution. Qere 2 isthe first term and.86-is.the 22" term of A.P. s086 = 2 + (21)d
= =4
so'the series is
2,6, 10, 14,....... , 82, 86 required means are 6, 10, 14,...82.

Self PracticeProblems :
4,

o

o

Geometric Progression (G.P.)

n ou

If three terms are in A.P. then the middle term is called the A.M. between the other two, soif a, b, c are
in A.P.,bisA.M. ofa&c.
(@) n —Arithmetic Means Between Two Numbers:
If a, b are any two given numbers & a, A, A,,...., A, bareinA.P.thenA , A,,... A are the
nA.M.’s between a & b.

_ - nb-a
A1:a+b a,AZ:a+M, ...... ,A:a+¥
n+1 n+1
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n n+1

n
i.e. >, A =nAwhere Ais the single A.M. between a & b.
r=1

sum of these means exceeds their number by unity. Find the number of means.

2n
7(a+b):2n+1.

IfA.M. between p™ and g™ terms of an A.P..be equal to the A.M..between r'" and-s" term of the A.P. then
provethatp+qg=r+s.

If nA.M.s are inserted between 20 and 80 such that first means :

last mean = 1 3, find n. Ans. w.n.=11

n+1l n+1

2 b ,a=bisthe AM.ofaandb. Ans. n=0

For what value of n,

(S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

G.P. is a sequence of numbers whose first term is non zero & each of the succeeding terms is equal to
the proceeding terms multiplied by a constant. Thusin a G.P. the ratio of successive terms is constant. .
This constant factor is called the common ratio of the series & is obtained by dividing any term by
that which immediately proceeds it. Therefore a, ar, ar?, ar3, ar4,...... is a G.P. with a as the first term <

riya

Ka

& ras common ratio. o
Example 2, 4, 8, 16 ....... o
Example ~ ~ L L 8
_xampe3,9,27,81 ....... (?)

0] nthterm = ar"1 .

N %)

a!r —1! <

(i)  Sumof the first ntermsie. S, =1——7 - M*1 <

=

na , r=1 -

a O

(iii) Sum of an infinite G.P. when |r| < 1. Whenn— o — 0if |r| <1 therefore,S, = (|r| < 1). @

N ©

olved Example # 14 If the first term of G.P. is 7, its n" term is 448 and sum of first n terms is 889, then find (5
the fifth term of G.P. o
olution. Given a =7 the first term ~
t =ar-1=7(r)"-1=448. 2

= T =448
n_ n_ 448r -7
Also s =D _ M -Y) —~  889= — *
n r—1 r—1 r-1
= r=2

Hence T, = ar* = 7(2)* = 112.

Solved Example # 15: The first term of an infinite G.P. is 1 and any term is equal to the sum of all the succeeding

terms. Find the series.

Solution. Letthe G.P.be 1,1, 1313, .........
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r2 1
given condition > r= — = r=-.
—r
Y esis 1 111
ence seriesis 1, =, 2 g s 0
1 1 1 .
Solved Example # 16:LetS =1 + 5 + 2 + 3 +onn find the sum of
() first 20 terms of the series (i) infinite terms of the series.
1 20
{2
| _ 2 220 1 ) 1
Solution. () S, = . 1 = IPICE (i) S, = 1 =2
2 2

Self Practice Problems :

1. Find the G.P. if the common ratio of G.P. is 3, n"term is 486 and sum of first n terms is 728.

Ans. 2,6, 18, 54,162, 486.

If the pt, qlh r terms of a G.P. be a, b, c respectively, prove thata®~"b"~P cP-9 = 1.

A G.P. consist of 2n terms. If the sum of the terms occupying the odd places is S, and that of the terms

whn

. . : . . S
occupying the even places is S, then find the common ratio of the progression. Ans. =2

1
The sum of infinite number of terms of a G.P. is 4, and the sum of their cubes is 192, find the series.

4.
3

Ans. 6, -3, PRRREE
Properties of G.P. _
() If a, b, carein G.P. = b*=ac, ingeneral ifa,, a, a,, a,,......... a _,,a areinG.P,

thenaa ST, T8, ,T s

a .

(i) Any three consecutive terms of a G.P. can be taken as Lha.anin general we take

a a a ) .

T KL K2 e a, ar, ar’,......... ark in case we have to take 2k + 1 terms in a.G.P.
. a  a i
(iii) Any four consecutive terms of a G.P. can be taken'as PR ar, ar®, in general we take

a a a
TORTL 2K 3 b eeeeenees Tran L. ar®-!in case we have to take 2k terms in a G.P.

(iv) If each term of a G.P. be multiplied or divided or raised to power by the.some non-zero quantity, the

resulting sequence is also a G.P..
v) Ifa, ay,ag....... andb, b, b,,......... are two G.P’s with common ratio r, and r; respectively then the

sequence albl, ab,, a, b ..... ’is also a G.P. with common ratio rr,
(vi) Ifa;, @, a,.......... are’in’ G.P. where each a’> 0,thenlog a,, Ioga logageee.... are in A.P. and its

converse i$ also true.
Solved Example # 17:Find three numbers in G.P. having sum-19 and product 216.

a 1 .

Solution. Let the three numbers be Toaar o] a {ffl”} =19 . (i)

and a®=216 = a==6

so from (i) 6r2—13r+ 6 =0.

3 2

= r= 53 Hence the three numbers are 4, 6, 9.
Solved Example # 18: Find the product of 11 terms in G.P. whose 6" is 5.
Solution Usrng the property

Solved Example # 19:Using G.P. express 0.3 and 1.23 as % form.

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

Solution. Let X=0.3 =0.3333 .............
= 0.3+ 0.03 + 0.003 + 0.0003 + .............
2,3, 3 .3 .
- 10 100 1000 10000 ..............
3
__10 _3_1
1. 7973
10
Let y =123
=1.233333
=1.2 +0.03 + 0.003 + 0.0003 + .............
3 3
=124 —5 4+ T o

102 T 10° 10t 7
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3
10? 1 _3
=12+ 1 =12+ 30 - 30
10
Solved Example # 20
Evaluate 7+ 77 + 777 + ........... upto n terms.
Solution. Let S=7+77+777+ ......... upto n terms.
7
=5 [9+99+099 + ... <
[V
7 o
=9 [(10-1)+(102-1) + (10°=1) + ........ + upto n terms] g
7 2
=5 [10+102+10°+ ... +10" - n] o
7 (10")-1 7
- j10~—=—2"=-n — L rian+i_an
9 { 9 81 [10 9n — 10]

Geometric Means (Mean Proportional) (G.M.):
If a, b, c arein G.P., b is the G.M. between a & c.

b2 = ac, thereforeb=,ac;a>0,c>0.

@ n—-Geometric Means Between a, b:
If a, b are two glven numbers & a, G, G,,....., G,, barein G.P.. Then
G,, G,, G;,...., G,are nG.M.s between 4 & b.
= a(b/a)¥™1, G, = a(b/a)?™1,...... = a(b/a)"n+1

NOTE: The product of n G.M.s bétween a & b is equal r{o the nth power of the single G.M. betweena & b

i.e. rr_tl G, = (G)"where G is the single G.M. between a & b.
Solved Example # 21 Insert 4 G.M.s between 2 and 486.

Solution. Common ratio of the series is given by r = (gjm = (243)'° =3

Hence four G.M.sare 6, 18, 54, 162.
Self PracticeProblems ;

S ir), Bhopal Phone : 0903 903 7779, 098930 58881.
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1. The'sum of three numbers in G.P. in 70, if the.two extremes be multiplied each by 4 and the mean by
5, the products are in A.P. Find the'numbers. “Ans. ' 10, 20, 40
111.......... 1
2. If.a= — b=1+10+102+10®+10*andc=1+10°+ 10"+ ..... +.10%, then prove that
0] ‘a’ is a composite number (i) a = bc.
Harmonic Progression (H.P.) :Asequence is/said to H:P. if the reciprocals of itsterms are in A.P.. If the (f
sequence a,, a , &, 1s\an H.P. then'1/a,, 1/a,, 1/a_isan A.P. & converse. Here we do not
have the formufa for the slim of.the n terms of & H.P- For H.P. whose first term is a and second term is X
2ac a a-b o
b, the n" term istn:L. Ifa,b,careinH.P. =>b= or — = . :
b+ (n-1)(a—b) a+c c b-c <
©
— a — a
NOTE: (i) Ifa, b, careinA.P. > a—b = — (i) Ifa,b,carein GP. = a—b = — é‘
b-c a b-c Db 8
Harmonic Mean (H.M.): .
If a, b, careinH.P, bisthe H.M. between a & c, then b = 2ac/[a+c]. o
Ifa,a,, ... a, are ‘n’ non-zero numbers then H.M. H of these numbers is given by I
<
1,1t ?
H n & & a, -
Solved Example # 22: If m"" term of H.P. is n, while n'" term is m, find its (m + n)" term. 2
1 T
Solution.: GivenT_=nor m = n; where ais the first term and d is the common difference of =
the corresponding A.P. a
1 1 m- 7
o) a+(m-21)d=— and a+(n-1)d=— =(m-n)d = or d= — ©
n m n O
1 (m-1 1 o
o] a= ———— = — X
n mn mn )
1 }—
Hence T = . N4 = mn - n
m+n — a+(Mm+n-d)d ~ 14+m+n-1 m+n’
Solved Example # 23: Insert 4 H.M between 2/3 and 2/13.
13 3
Solution. Let d be the common difference of corresponding A.P. sod=_2 2 =1,
5
=S -3 +1= > H 2
H, - 27 72 @ 175
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L _ 3 +2= ! r H, = 2
H, =272  © 2= 7
= -3 +3= 9 H, = 2
H, T2 7°72 @ T 9
L 3 +4 = 1 r H, = 3
H, “2 7% %2  © +T 11
» Solved Example # 24:1f p*, g™, r'" terms of a H.P. be a, b, ¢ respectively, prove that 9
(q—r)bc + (r—p)ac +(p-q) ab=10 _ _ -
Solution. Let x be the first term and d be the common difference of the corresponding A.P.. o
1 N~
o) g:X+(p—1)d ........... 0] g
@©
1 a
B:X+(q_1)d .......... (i)
1 0‘—0|
E—x+(r—1)d .......... (iii) 3
(i) - (ii) = ab(p—q)d=b-a ... (iv) 2
(i) - (i) = bc(q-rd=c-b ... (v) o
(i) - (i) = ac(r—p)d=a-c ... (vi) ™
(iv) + (v) + (vi) gives S
bc(q—r)+ac(r—p)+ab(p-q)=0. o
Self Practice Problems : 1. Ifa, b, cbeinH.P., showthata:a—-b=a+c:a-c. o
2.I1f the H.M. between two quantities is to their G.M.s as 12 to 13, prove that the quantities are inratio4t0 9. _
o
H H
3. If H be the harmonic mean of a and b then find the value of - + o 1. Ans. O E
4, If a, b, c, d are in H.P., the show that ab + bc + cd = 3ad ™
Relation between means 8
0] If A, G, H are respectively A.M., G.M., H.M. between a'& b both being unequal & positive then, ™
G2=AH i.e. A, G Harein GP. 8
Solved Example # 25.The A.M. of two numbers exceedsthe G.M. by — and-the G.M. exceeds the H.M. byO
6 e
5 ; find'the numbers. _8
Solution. Let the numbers be a.and b, now using the relation &
G? =AH g
3 6 2
=|G+=| |G—=
43 [e-2) s
3 9 =
=G+ — G- = G=6 n
10 5 ¢
i.e. ab =36 )
also a+b=15 Hence thetwo numbers are 3 and 12. 0
(i) AM.>GM. 2 HM. 5
Leta, a,, a,, suowss a, be npositive real numbers, then we define their N
©
a;+a,+ag+... +a
AM. = 123 L their 2
n 0]
n A4
GM. =(a,a,a,......... a)’" andtheirHM.= 77— 1 Itcan be shown that 04
—t—F . +— o
a; a, a, ©
AM.>GM. >H.M. and equallty holds at either places iff S
a,=8,= 8, e, a, )
a b ¢ 0
Solved Example # 26 If a, b, ¢, > 0 prove that b + c + a >3 £
Solution. Using the relation A.M. > G.M. we have g
a b c 1 b G
bcas(@2bceyp - 2424253 0
3 b c a b c a %)
<
)
1 1 1 o
Solved Example # 27 For non-zero x, y, z prove that (x + y + z) ;+ y +; >9 _64)
Solution. Using the relation A.M. > H.M. =
X+Yy+2z

3
> —
3 i, t.1
X y z
1,11
= x+y+2) |5 y 2 =9
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Sol. Ex. #28: 1fa>0 Vi e N such that I_Iai =1, thenprove that (1 +a) (1 +a,) (1 +a,) ........ (1+a)>2
i=1

Solution. Using A.M. > G.M.
l+a > 2\/a_1
l+a,>2
1+a > 2,a, = (1+a)(@+a) .. (1+a)= 2"(a,a,85.....a, )"
Asa a, a, ... a=1
Hence(1+a)(1+a) .......... (1+a)=2".
Solved Example # 29 If n> 0 prove that 2" > 1 + n4/2"?
Solution. Using the relation A.M. > G.M. on the numbers 1, 2, 22, 23........... 21 we have
2 -1
14242 +....... +2" S (122225 ... oty
n
Equality does not hold as all the numbers are not equal.
1
(n-1)n \n (n-1)
2" -1
- >n[2 2 J =N 2M-1>n2 2
(-1
= 2">1+4n2 2

Sol. Ex. #30  Find the greatest value of xyz for positive value of x, y, z subject to the condition xy +yz + zx = 12.
Solution. Using the relation A.M. > G.M.

Xy + YZ + zX
— s > (x?y?2z?)'¥ 4> (xyz)* = Xyz <8
Solved Example # 32 If a, b, care in H.P. and they are distinct and positive then prove that a" + c" > 2b"
Solution. Let a"and c" be two numbers
n n
then axe . (a" c)2
a"+ch> 2 (ac)? ... (@)
Also G.M. >H.M.
i.e. Jac >b (@a)™>b" .. (ii)

hence from (i) and (ii) a" + c" > 2b"

Self Practice Problems :

If a, b, care real and distinct then show that a2 (1 + b?) + b? (1 + ¢?) + ¢2 (1'+ a2) > 6abc
Provethatn?>1.3.5......... (2n-1)

N

3. Ifa, b, ¢, d be four distinct positive quantitiesiin G.P. then show that

_ ) 10,1 N 1

(M) a+t+d>b+c (i) ab+ d>2 bd ac ad
4, Prove that AABC is an equilateral‘triangle iff tan A+ tan B + tan C = 3\/§
5. Ifa, b, c >0 prove that[(1 +a) (1+Db)(1+¢c)]">7"a*b*c*

Arithmetico-Geometric Series: A series each term of which is formed by multiplying
the correspondmg term of an A.P. & G.P. is called the AritH.M.etico-Geometric Series. e.g. 1 + 3x +
5x2 + 7x3 +..... Here 1, 3, 5,.... are in A.P. & 1, X, x2, x3.... are in G.P..

Sum of n terms of an Arithmetico—Geometric Series:
LetS,=a+(a+d)r+(a+2d)yr2+...+[a+(n-1)d] rm?

d r(l—rn_l) B [a+(n-D)d]r"

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

then Sn:i+ # 1.
1-r (1—r)2 1-r
a dr
Sum To Infinity: If [r| <1 &n — o then l;in;)t m=0 = S, _r+( )2 -
- 1-r
Solved Example # 33 Find the sum of the series
4 7 10
1+§+5—2+5—3+ ...... to n terms
_ 4 7 10 3n-2 _
Solution. Let S=1+ 5 + 57 + 53 + o + gl e (i)
1 1 4 7 3n-5 3n-2
5 = §+5—2+5—3+ ....... + 5n_1+ gn e (i)
(i) — (i) =
4 3 3 3 3 3n-2
ES:1+§ 52 +5_3+ ....... +5n_1 5n
n-1
3 1_(1J
4 5 5 3n-2
E S =1+ 1_1 -~ o

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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3 3 1 3n-2
SR I
7 12n+7 35 12n+7)

=47 45n - ST T 165"t

Solved Example # 35: Evaluate 1 + 2x + 3x2+ 4x3 + ......... upto infinity where | x | < 1.
Solution. Let S=1+2x+3x2+4x3+..... ... (i)

XS = X+2x2+ 33+ .oooeeee. L (i)

()-()= (L=xX)S=1+X+X2+X3+ ro.... o S= 7

Solved Example # 36 Evaluate 1+(1+b)r+(@Q+b+b)rz+..... to infinite terms for | br | < 1.
Solution. Let S=1+@+byr+@A+b+b)rz+.... ... (i)
rS= r+1+b)yr+.......... L (i)
@) - (i) = (1-nNS=1+br+b2r2+b+....
1
(1-br)(1-r)

Self Practice Problems :
1. Evaluate 1.2+2.22+3.2%+ ...... + 100. 2100 Ans. 99.2101 4+ 2,

1
T (1-x)°

= S=

N

Evaluate 1+3x+6x2+10x3+...... upto infinite term where [ x | <1. Ans

w

2
1 1
Sum to nterms of the series 1+ 2 (HFJ +3 (1+HJ + ... Ans. n?

Important Results

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

n

i (arib,):i a,ii b, (ii) i ka, =k ) a.
r=1

r=1

~
~

n(n+1) (2n+1 n X ,
% (vi) Z B=13+23+33+. ... +n3:$
r=1

n
) D> r2=12422+ 324 04 n? =
n
(Vi) 2 aai=(a, v, .. ta =(al+ag+ ... +a?
i<j=1
Solved-Example #37: Find the sum of the series to n.terms whose general term-is 2n + 1.

Solution. S, =XT =2(2n+1)
=23n'+ ¥1

2(n+Yn
:T+n =n?+2n or n(n +2).

n
Solved Example #38:T, = k? + 2“then find ZTk .

k=1
Solution. Zn:Tk = Zn:kz + izk
k=1 k=1 k=1

n D(@n+1 n_ D(@n+1
_ N+ @n+D) 202" 1) _ N+
6 2-1 6

Solved Example # 39: Find the value of the expression zzz 1
i=lj=1k=1

Solution.: Zn:ii 1 zz j — i%

i=lj=1k=1 i=1j=1 i=1

[giz + .Z;I]

1 {n (n+D(2n+1) n(n+1)}
2 6 2

N |

_n(n+1 _n(h+1)(n+2)
_T[2n+1+3]_—6 .

METHOD OF DIFFERENCE

Type-1 Letu, U, U, ........ be a sequence, such that u,—u,, u,— U, ......... is either an A.P. or a G.P. then
nthterm u_ of thié sequence is obtained as follows

S—u+u , P U+ +U 0]

S= u1 + U, o +Uu + U e (in

(i)—(@) = u=u +(u u)+(u ...........
Where the series (U, —u7)+(u —u3 .......... +(U —u)is

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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either in A.P. or in G.P. then we can find u_and hence sum of this seriesas S = Z“r
r=1

Solved Example # 40 Find the sumton-terms3+7 + 13+ 21 + .........
Solution. Let S=3+7+13+21+ ......... T s 0]
S= 3+7+13+ ............ +T +T ()
()=(@i) > T =3+4+6+8+.......... +(T =T,
n-1
=3+ T [B+ (n-2)2]
=3+(n=-1)(n+2)
=nf+n+1
Hence S=X> (n*+n+1)
=Xn+xyn+x1
nn+(2n+1 n(n+1 n
_Nn+D@n+y D =D e anes)
Solved Example # 41 Find the sum to n-terms 1 + 4 +10+22+........
Solution. Let S=1+4+10+22+ ......... +T 0]
S= 1+4+10+ ......... +T +T (i)
H—=(@i) =T = +(3+6+12+ ......... +T =T, )
2"
T =1+
T =3.2m
So S=XT = -2
2" -1
=3.| 51| -2n =3.2"-2n-3
Type -2 If possible express r" term as difference of two terms ast = f(r) —f(r £ 1). This can be explained with

the help of examples given below.
Solved Example # 42 Find the sum to n-terms of the series 1.2+ 2.3+ 3.4 + ............
Solution. Let T-bethe general term of the series

So T =r(r + 1).

To express t = f(r)~ f(r—1) multiply and divide t by [(r + 2) — (r — 1)]

so T

r

%(r+1)[(r+2)—(r—1)]
S0+ 1) %2~ -1+ 1L

Letf(r) = % r(r+21)(r+2)

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

n
o] T =[f(r) - f(r=1)]. Now S = zTr ST +T,+T + . +T,
1 1 1
T1:§[1.2.3—0], T2:§[2.3.4—1.2.3], T, = 5[34 5-2.3.4]
1 1
T = 3 [N(n+) (n+2)—(n—=1)n(n+ 1)] = —n(n+1) (n+2)
Hence sum of series is f(n) — f(0).
_ 1 1 1
Solved Example # 43 Sum to n terms of the series (15 X)(L+ 2%) + L+ 2x)(1+ 3) + (1+ 3x)(1+ 4%) + o
Solution. Let T be the general term of the series
1 1 {[1+(r+1)x]—(1+rx)}
T.= @+ rx)(L+ (r + 1x) So T x| @+m)@+(r +D)x)
1] 1 1
T X | 1+rx _1+(r+1)x}
T =f(r)=f(r+1)
S=2XT =T, +T,+T,+.......... +T
1 1 1 n
T % |[1+x 1+(n +1)x} T @+ X)L+ +Dx]
4 5 6
Solved Example # 44 Sun to n terms of the series 123723473 45
) r+3
Solution. LetT, = m
1 3 1 1 3 1 1
S0 +2) T D0 +2) = L—u_m} ) {r(r+1)_(r+1)(r+2)}

F_ 1} 31 1
SE2 he2| 2 |2 (+D(n+2)

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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> ! + & AN 2n+5
=7 " hez | 20+ =4 2+ NS
Note : Itis not always necessary that the series of first order of differencesi.e. u,—u, u,—u, ....... u-—u_,is
always either in A.P. or in G.P. insuch case letu, =T, ,u,—u, =T,, u, u =T, ,u—-u =T.
So u ST, +T, 4 e, +T T (|f
= T+T+ ....... +T +T (i)
(i) — (i) iy
T, =T, +(T,=-T)+(T,=T)+.... +(T, =T )
Now, the Series (T,-T ) (T,-T) ... +(T =T, r) is series of second order of differences and when it is &
either in A.P. or in G.P" thenu = =u, +2T
Otherwise in the similar way we "find series of higher order of differences and the n'" term of the series. With S
the help of following example this can be explained. N
Solved Example # 45 Find the nth term and the sum of n term of the series o
2,12, 36, 80, 150, 252 o
Solution. Let S=2+12+36+80+ 150+ 252 + .......cce... T 0] g
S= 2+12+36+80+ 150+ 252+ ......... +T . +T (i)
()—(i)=T =2+10+24+44+ 70+ 102 + .....coeo.e.. o L ) D (iir)
T = 2+10+24+44+70+102 + ....... +(T T )+(@T =T ) e (iv)

(i) —(v) =T —T =2+8+14+20+26+ .........

1

= E [4+(n-1)6]=n[3n—-1] =T, —T_, = 3mn

n-1

general term of givenseriesis2> T —T = =23n°—n=n®+n’
Hence sum of this series is S=YM+ Y n?
_n (n+1) nin+1)(2n+1) _n(n+]) )
_T+—6 =1 (B3n?+ 7n+2)

1
N+ (n+2)@n+1)
Solved Example # 46: Find the general term and sum of n terms of the series 9, 16, 29, 54, 103

Sol.  Let S=9+16+29+54+ 103+ ..cccceeerennne +Tn ........... (i)
S= 9+16+29+54+ 103+ ......... +T (ir)
()= (i) =>T =9+7+13+25+49 + ..o, (1“ -T0) (iir)
T = O+7+183+25+49+ .......0... +(f T )+T =T ) e (iv)
(ii)=(vV)=>T =T =9+ (-2)+6+12+24+......s =7 + 6 [2n-2— 1] =6(2)*2 + 1.
(n—2)terms
Generaltermis T =6(2)"*+n+2
Also sum S=2T, =6x2"t+ >N+ 32
2" - n(n+21 nin+5
:6(2 11)+ (2+)+2n :6(2n_1)+%
Self Practice Problems : 1. Sum to n terms the following series
. 1 A 1+2 X 1+2+3 . b, 2n
(i) R PP I A BAP RPN ns.
) 1 1 1 101 1
M 135%35.7 %5 7.9 ANS. 213 (2n+1)(2n+3)
n
(iii) 1.5.9+2.6.10+3.7. 11+ ........ Ans. 2 (n+1)(n+8)(n+9)
(iv) 4+14+30+52+82+ 114+ .......... Ans.  n(n+ 1)

3"+n%+n-1

V) 2+45+12+31+86+ o, Ans. 5
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RT REVESION
(SEQUENCES AND SERIES)

DEFINITION : A sequence is a set of terms in a definite order with a rule for obtaining the terms.

eg. 1,1/2,1/3, ... ,1n, . IS a sequence.

ANARITHMETIC PROGRESSION (AP) :AP is a sequence whose terms increase or decrease by a fixed

number. This fixed number is called the common difference. If a is the first term & d the commong

difference, then AP can be writtenas a, a+d,a+2d, ....... a+(n-1)d, ........ “
nth term of thisAP t, =a + (n—1)d, where d=a,—a,_ . o
T he sum of the firstn term s of the A P is given by : sn:g[2a+(n_1)d]:g[a+l]. %
where | isthe last term. o

NOTES:(i) Ifeachtermofan A.P.is increased, decreased, multiplied or divided by the same non zero

—
=71

number, then the resulting sequence is also an AP.
Three numbers in AP can be takenasa—d, a, a+d; four numbersin AP can be taken as a—3d, %
a—d, a+d, a+3d; fivenumbersin APare a-2d,a-d, a,a+d, a+2d & sixtermsin AP are @
a—5d, a—3d, a—d, a+d,a+3d,a+5d etc.

The common difference can be zero, positive or negative.

The sum of the two terms of an AP equidistant from the beginning & end is constant and equal to the
sum offirst & last terms.

Anyterm of an AP (except the first) is equal to half the sum of terms which are equidistant fromit.

=

If a, b c are in AP=2b=a+c.

7779, 0989305 8

GEOMETRIC PROGRESSION (GP) : GP is a sequence of numbers whose first term is non zero & each

—
N

|||)

o~
2 Z

Vi

IA

ARITHMETIC MEAN :Ifthree terms are in AP then the middle term is called the AM between the other -

n-ARITHMETIC MEANS BETWEEN TWO NUMBERS :

FREE Download Study Package from website: vwvw.TekoCIasses.com & www.MathsBySuhag.com

of the succeeding terms is equal to the proceeding terms multiplied by a constant . Thus ina GP the ratio gg
of successive terms is constant. This constant factor iscalled the COMMON RATIO of the series & m
is obtained by dividing any term by that which immediately proceeds it. Therefore a, ar;-ar?;-ar3, ar%,
...... is a GP with.aas the first term & r as common ratio.
nth term = a1

. a(r —1) .
Sumofthe IS'nterms i.e. S, = = ifr=l.

e _ a
Sum of an infinite GP when |r| <1 when n—so0 =50 if |r| <1 therefore,S_= F(|r|<1)

Ifeachterm of a GP be multiplied or divided by the same non-zero quantity, theresulting sequence ism
also.a GP.

Any 3 consecutive terms ofa GP canbe taken as a/r, a, ar ; any 4 consecutive terms of a GP can be B
taken as a/r, a/r, ar, ar® & so.on.
Ifa, b, c arein GP = b2=ac.

hopal Phone: 09

. K.

ARMONIC PROGRESSION (HP) :Asequence is said to HP if the reciprocals of its terms are in AP. D:_

If the sequencea;; a,, s, . isanHPthen 1/a,, 1/a , 1/a_ isan AP & converse. Here we do %2
not have the formulaforthe sum ofthe n terms ofan HI5 For HP Whose first term is a & second term S
. . b
i he nt termis t = — %2
sb, then"termis t_ b (1-D@-D)

. a a->b
If a,b,care in HP= b= 2ac or —= :

a+c c b-c

MEANS

two, so ifa, b, c arein AP, bisAMofa&c.
a;+a,+ag+....+a,

A=

AM for any n positive number a,, a, ...

! I’1

Ifa, b are any two given numbers & a, A, A,, ..., A, b areinAPthenA ,A,, ... A, are then AM’s
between a &b .

Teko Classes, Maths : Suhag R. Kariy

_ _ b -
A1:a+u,A2:a+M, ...... ,A:a+u
n+1 n+1 n n+1

b-—

=a+d, =a+2d, .. ,A,=a+nd, where d= —2

n+1

NoTe : Sumofn AM’s inserted between a & b is equal to n times the single AM betweena & b

i.e. Z A, =nA where Aisthe single AM between a &b.

GEOMETRIC MEANS: If a,b,c arein GP, b is the GM between a & c.

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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b2=ac, therefore b= ac; a>0, c>0.

n-GEOMETRIC MEANS BETWEENa, b :

HARMONIC MEAN :Ifa, b, c are in HP, b isthe HM between a & ¢, then b =2ac/[a+c].
THEOREM : IfA, G, H are respectively AM, GM, HM between a & b both being unequal & positive then,

- NoTte: The product of nGMs between a &b is equal to the nt" power of the single GM betweena & b

If a,b are two given numbers & a, G,,G,, ....., G, b are inGP. Then
G G, G are n GMs between a&b

= a(b/af)l/m1 = a(b/a)’™, ..., G, = a(bla)rs

=ar, =arz, . =ar", where r = (b/a)l/n*1

ie. rr:cl G, = (G)" where G is the single GM between a & b.

page 13 of 26

0] G2=AH (D) A>G>H (G>0). Note that A, G, H constitute a GP.

ARITHMETICO-GEOMETRIC SERIES:

(iii)

—
N

_ =]
< =

SUM TO INFINITY : If [r| <1 &n—>oothen LMt m=g g =2 4

THEOREMS :(i) Y (a%b)=> a+3 b.(i) > ka=kY a
r=1 r=1 r=1

Aseries each term of which is formed by multiplying the corresponding term of an AP & GP is called the
Arithmetico-Geometric Series. €.g. 1+ 3x+5x2+7x3+ .....

Here 1,3,5,.... are in AP & 1,x, X%, x3..... are in GP.

Standart appearance of an Arithmetico-Geometric Series is

Let S, =a+(a+d)yr+(a+2d)r2+...+[a+(n-1)d] rm?

n— o 1—r (1_r)2 )
SIGMA NOTATIONS

r=1 r=1

> k=nk ; wherekis.aconstant.
r=1

RESULTS
>or= @ (sumof the first n natural nos.)
r=1
Zn: r2= w (sum of the squares of the first n natural numbers)

_<
=

n

=" (”+1) [Z ] (sum of the cubes of the first n natural numbers)

,
M=
"

S o= S5 (1+1) (2n+1) 32 +3n=1)

r=1

S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

METHOD OF DIFFERENCE : If T,,T,, T, ...... are the terms of a sequence then some times thev

[EY
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terms T,—T,, T,—T,,....... constitdte an AP/GE> nt term of the series is determined & the sum toS g
nterms of the sequence can easily be obtained.
Remember that to find the sum of nterms of a series each term of which is composed of r factors in N
AP, the first factors of several terms being in the same AP, we “write down the nth term, affix the next o/
factor at the end, divide by the number of factors thus increased and by the common difference and add o»

ariy

a constant. Determine the value of the constant by applying the initial conditions”. &
EXERCISE—1 a

Ifthe 10thterm of an HP is 21 & 215t term of the same HP is 10, then find the 210t term. "
n(n-1) =

Show that In (4 x 12 x 36 x 108 x .............. uptonterms)=2nlin2+ 5 In3 S
There are nAM’s between 1 & 31 such that 7th mean : (n—1)" mean=>5: 9, then find the value of n. «;
Find the sum of the series, 7+ 77 + 777 + ..... to n terms. %
Express the recurring decimal 0.1576 as a rational number using concept of infinite geometric series. 8
Find the sum of the n terms of the sequence ! 2 3 .. IS
(]

1+12+1%  1+2242% 1432434
The first term of an arithmetic progression is 1 and the sum of the first nine terms equal to 369. The first
and the ninth term of a geometric progression coincide with the first and the ninth term of the arithmetic
progression. Find the seventh term of the geometric progression.

If the pth, gt & rth terms of an AP are in GP . Show that the common ratio of the GPis 3=" .
P, q

If one AM ‘@’ & two GM’s p & q be inserted between any two given numbers then show that
p*+q®=2apq.
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.14(a) The interior angles of a polygon are in AP. The smallest angle is 120° & the common difference is 5°. @

(b) The interior angles of a convex polygon form an arithmetic progression with a common difference of 4°.

The sumofn terms of two arit the ratio of their

metic series are inthe ratio of (7n+1): (4n+27).Find
nth term.

If Sbe the sum, P the product & R the sum of the reciprocals of a GP, find the value of p2[ R ’

S/ .
The first and last terms of an A.P. are a and b. There are altogether (2n + 1) terms. A new series is
formed by multiplying each of the first 2n terms by the next term. Show that the sum of the new series is

(4n? ~1)(a® +b?)+(4n%+2)ab

6n
Inan AP of which “a’is the Ist term, if the sumofthe Ist p terms is equal to zero , show that the sum of
the next g terms is —a(p+q) a/(p—1).
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Find the number of sides of the polygon.

Determine the number of sides of the polygon if its largest interior angle is 172°.
An AP & an HP have the same first term, the same last term & the same number ofterms ; prove that <
the product of the rt" term from the begmnmg in one series & the rth term from the end in the other is )
independent of r.

Find three numbers a, b, ¢ between 2 & 18 such that ;

()] their sumis 25 (ii) the numbers 2, a, b are consecutive terms ofan AP &

()  thenumbers b, c, 18 are consecutive terms ofa GP .

Giventhat a*=bY=c?=d" &a, b, c,d arein GP, show that x,y,z,uareinHP.

In aset of four numbers, the first three are in GP & the last three are in AP, with common difference 6.
If the first number is the same as the fourth , find the four numbers.

2 3
Find the sum of the first n terms of the sequence : 1 + 2(1+1j + 3(1+1j + 4(1+1j PR
n n n

Find the nth term and the sumto n terms of the sequence :

(1) 1+5+13+29+61+ ...... (i) 6+13+22+33+.......

The AM of two numbers exceeds their GM by 15 & HM by 27 . Find the numbers:

The harmonic.mean of two numbers is 4. The airthmetic mean A & the-geometric mean G satisfy the .
relation 2 A+ G2=27. Find the two numbers.

Sum the following series to n terms and to infinity :

. 1 1 1 . -
......... +1)(r+2) (r+

0 147 4710 71013 0 Z:l rrr)r+2) (r+3)

" i 1 ; 1,13 135+

(lli) 4 4r2 1 (I\/) 4 _46 —468 ........... :

Find the value of the sum (@ 2. > 8,2"3% whered iszeroif r#s &3, isoneif r=s.
r=1 s=1

n i ]
b 2 2.2 L

i=1 j=1 k=1 )
For or 0<¢<m/2,if :
X = Z cos?" ¢,y = Z sin"¢,z= Z cos?" ¢ sin?" ¢ then : Prove that

0] xyz Xy + 2z (i) xyz= x+y+z
EXERCISE—2
The series of natural numbers is divided into groups (1) (2 3,4),(5,6,7,8,9), ...... & soon. Show
that the sum of the numbers inthe nt group is (n—1)3 + n?
The sum of the squares of three distinct real numbers, which are in GP is S2. If their sumisa S, show ¥
that o2 € (1/3,1) U (1,3).
If there be m AP’s beginning with unity whose common differenceis 1, 2, 3.... m. Show that the sum<<
of their nt" terms is (M/2) (Mn—m+n+ 1).
If S, represents the sum to nterms of a GP whose first term & common ratio are a & r respectively, then
2n
prove that S, +S,+ S+ ...+, = 20 A=)
-r  (1-1)® (@<n)
A geometrical & harmonic progression have the same p™, g & rth terms a, b, ¢ respectively. Show
that a(b-c)loga+b(c—-a)logh+c(a—b)logc=0.
A computer solved several problems in succession. The time it took the computer to solve each successive ®
problem was the same number of times smaller than the time it took to solve the preceding problem.
How many problems were suggested to the computer if it spent 63.5 min to solve all the problems
except for the first, 127 min to solve all the problems except for the last one, and 31.5 min to solve all the
problems except for the first two?

If the sum of m terms of an AP is equal to the sum of either the next n terms or the next p terms ofthe
same AP prove that (m+ n) [(1/m)—=(1/p)] = (m+p) [(L/m)—(1/n)] (n=p)
If the roots of 10x3—cx2—54x—27 =0 are in harmonic progression, then find ¢ & all the roots.

uhag R. Kariya (S. R. K. Sir), Bhopal'Phone - 0 903 903 7779, 0 98930 58881,
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Q.9(a) Let a;, a,,a;...... be an AP . Prove that :
1 1 1 1 _ 2 1 1 1 1
+ + F o + = — t+ — + — 4+ . + —
a; a, a, d,_4 ds a, a, a; a;+a, | a; a, dj a,
(b) Show that in any arithmetic progressmn ay, a,, a3 .......
g 82— a2 +al2—a2+ ... +ady, | —a% = [KIQ2K-1)](a2-a%,).
(&)

- Q.10 Let - D VO ya LA . be an A.P ©
< Let S, =8, +a,+a+. .o +a o
N S, =, F At +a,, ©
2 S.=a F oo, +a 0
) 3 2n+1 2n+2 3n
SN e %
DD e ——— _ _ _ _ _ S,
2 Prove that the sequence S, , S, , S, ........ is an arithmetic progression whose common difference <
=] is n? times the common dlfference o?the given progression.
© Q.11 Ifab,careinHP, b,c,d areinGP &¢c, d, e are in AP, Show that e = ab?/(2a—b)?. —
2_ Q.12 If a b, c,d, e be5numberssuchthat a b,care in AP; b,c,d arein GP &c, d, e arein HP then: &

@ Provethata,c,e areinGP. (i) Prove that e =(2b—a)%/a. 2
(D] If a=2 & e=18, find all possible values of b, c,d. o
Q.13 Thesequence a,, a,, ag, ....... ayg satisfiestherelation a ,, =a +1forn=1,2,3, ... 97 and has &
) 49 S
= the sum equal to 4949. Evaluate _a,, . o
@) k=1 -
O Q.14 If nis a root of the equation x2(1—ac) —x (a2+c?) — (1+ac) =0 &if n HM’s are inserted between 2
0 a & ¢, show that the difference between the first & the last mean is equal to ac(a—c). =
% Q.15 (a) The value of x+y+z is 15 if a,x,y, z, b are in APwhile the value of; ™
) (1/X)+(1/y)+(1/z) 1s5/3 if a,x,y,z,bareinHP . Finda&b. S
< (b) The values.of-xyzis 15/2 or 18/5 accordlng as the series a, x,y,z,b is an APorHP. Fmdm
@) the values of a& b assumlng them to be positive integer .
_52 Q.16 An AP, aGP &aHP have ‘a’ & ‘b’ for their first two terms . Show that their (n+2)t termswnlbeo
()] 2n+2 2n+2 Q
= ingp if 2= _—ar M S
% balp"a?") n =
e . =13 35 57 79 T
Q.17 Prove that the sum of the infinite series D : 52 : 53 : 5 Frveeeen00=23" §
Q Q.18 Ifthereare n quantities in GP with commonratior & S . denotes the sum of the first mterms, showthat &
0 the sum of the products of ‘these mterms taken two & two together is[r/(r+1)][S ][S 1 B
O Q.19 Find the condition that the roots of the.equation x3 = px? + gx—r = 0 may be in A.P. and hence e solve the'c/_)
o equation x3 — 12x2 + 39x —28'= 0.
S Q.20 If ax2+2bx+c=0 & ;X2 + 2byx+c, =0 have a common root & ala,, b/b,, c/c; are inAP, .

S Q.21

O
)
N

Q.23
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show that a,, b, &c, aré in GP.
Ifa,b,c be"in &EP&IogC a, log, ¢, log, b be in AP, then show that the common difference ofthe
AP must be 3/2.

If a,=1&for n>1,a =a_, + al , then show that 12 <a,, < 15.
n-1
) i 1 2X 3x?

Sum tonterms: ()] 1" oD (0 D) + DD e

- a a a

Il 1 2 s .

U 1+a, " (1+ay) (1+a,) " (1+a,) (1+a, %(1+a3)
In a GP the ratio of the sum of the first eleven terms to the sum of the last eleven terms s 1/8 and the |

ratio of the sum of all the terms without the first nine to the sum of all the terms without the last nine is 2.
Find the number of terms in the GP.
Given a three digit number whose digits are three successive terms of a G.P. If we subtract 792 fromit,
we get a number written by the same digits in the reverse order . Now if we subtract four from the
hundred's digit of the initial number and leave the other digits unchanged, we get anumber whose digits &
are successive terms of an A.P. Find the number.

EXERCISE—3
(N—-1)3+...... + (=) -1B=

For any odd integer n>1, n® - [JEE 96, 1]

Xx=1+3a+6a2+10a%+ ..... la| <

y=1+4b+ 1002 + 20b% + ..... fb\ <1, find S=1+3ab+5(ah)2+.... interms of x &.

The real numbers X,, X,, X, satlsfymg the equation x3—x2+ X+ y=0 are in A.P. Find the

intervals in which [3 andy lie . [JEE *96, 3]

Let p & g be roots of the equation X2 —2x + A=0, and let r & s be the roots of the equation
—-18x+B=0.If p<g<r<sarein arithmatic progression, then A= and B =

a b, ¢ are the first three terms of a geometric series. If the harmonic mean ofa & bis 12 andthat of b

Teko Class es Maths : Suhag R. Kariya (S
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Q.6
(@)

(b)

©

Q.7(a) The harmonic mean of the roots of the equation (5+ ﬁ) X2 — (4+J§) X+8+2.5 =0 is

(b)

8

O O

(b)

~—
O
N—r

& cis 36, find the first five terms of the series.

Select the correct alternative(s). [JEE'98,2+2+8]
Let T, be the r"term of an AP, for r=1, 2, 3, .... If for some positive integers m, n we have
1 1
Th=7 &T,=—, then T equals:
1 1 1
A — (B)—+= © 1 (D) 0 o
If x=1,y>1,z>1arein GP, then ! , ! , ! arein: S
1+4nx 1+/ny 1+/(nz ©
(A) AP (B) HP (C) GP (D) none of the above o
Prove that a triangle ABC is equilateral if & only if tanA+tanB+tanC=3./3. =
o

(A) 2 (B) 4 (C) 6 (D) 8
Leta,, a,,...., a,,, e iNAP. & h,, h,, ..... ,h,.beinH.P.Ifa,=h,=2&a.,=h,,=3 then a,h, is:
(A) é 2 10 (B) 3 172 10 (C) 5 1 1 (D)l% 10 47

The sum of an infinite geometric series is 162 and the sum of its first n terms is 160. If the inverse of itso©
common ratio is an integer, find all possible values of the common ratio, nand the first terms of the series. o

30 58881.

.9(a) Consider an infinite geometric series with first term'a’ and common ratio r . If the sum is 4 and the &

second termis 3/4, then: o
Aya=TL =3 B)a=2,r=> o
( ) a-= 4 1 - 7 ( ) - ' - 8 E
3 1 1

Ca=5,r=3 (D) a=3,r=7 o

(o))
If a, b, c, d are positive real numbers such that a+b+c+d=2,then M=(a+b) (c+d) satisfiesm
the relation S
(A)0<M<1 (B)1<M<2 o
(C)2<M<L3 (D) 3 <M <4 @

o

The fourth power of the common difference of an arithmetic progressionwith integer entries added to
the product of any four consecutive terms-of it . Prove that the resulting sum is the square of an integer. £
[ JEE 2000, Mains, 4outof100] =

Given that o, y are roots of the equation, Ax2—4x+1=0 and B,.8 the roots of the equation, S
Bx?<6x+1=0, find values of Aand B, suchthat «, B, y &®& are in H.P.
[ REE 2000, 5out of 100]

ho

Q.11 Thesum of roots of the equation ax2 + bx + ¢ = 0is equal to the sum of squares of their reciprocals. Find =
whether bc?, ca? and ab? in A.P., G.P.or H:P.? [REE 2001, 3outof100] &

Q.12 Solve the following equations for xand y vz
log,x + l0g,X + 109, X + ... i =y o
5+49+13+.......c +(4y+1) %)
14345 T(2y—1) - Aogx LREE 2001 5outof100]
Q.13(a) Let a., B be the roots of X2 —x + p=0andy, § be the roots of X2 —4x+q=0. If o, B, 7, dare in GP., £
then the integral values of p and g respectively, are v
(A)-2,-32 (B)-2,3 (C)-6,3 (D) -6, -32 o

(b) Ifthesumofthe first2nterms ofthe A.P. 2,5, 8§, ........... is equal to the sum of the first nterms ofthe A.P. 5,
57,59, 61, ........ , then nequals 8

(A)10 (B) 12 ©1u (D) 13 >

(c) Let the positive numbers a, b, c, d be in A.P. Then abc, abd, acd, bcd are N
(A) NOTinA.P/GP./H.P. (B) inA.P. Iz
(©)inGP. (D) H.P. [JEE 2001, Screening, 1+ 1+ 1outof35]%

(d Leta,a, ... be positive real numbers in G.P. For each n, let A, G, H_, be respectively, the =
arithmetic mean, geometric mean and harmonic mean of aj,i|a2’  F a.. Find an expression for the
GM.ofG,, G, ........ G, intermsof A, A, ............. A, H H,, ... H,. 3 3
Q.14(a) Suppose a, b, careinA.P.and a?, b? c?areinGP.Ifa<b<canda+b+c= o then the value of &
ais @)

1 1 1 1 1 1 g

b ®) 575 ©3 5 ©) 57 ‘

(b)

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
O

Let a, b be positive real numbers. Ifa, A, , A, ,bare inAP. ;a,a ,a,,barein GP. and
a,H;,H,,bareinH.P., show that
G, G, A +A, (2a+b)(a+2b)

H,H, H,+H, 9ab

[ JEE 2002, Mains, 5 out of 60 ]
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C
Q.15 |Ifa,b,careinA.P.,a%,b?,c?areinH.P., then prove that either a=b=c or a,b, 5 forma GP.
Q.16 The first term of an infinite geometric progression is x and its sum is 5. Then

(A)0<x<10 (B)0<x<10 (C)-10<x<0 (D)x>10

Q.17 Ifa, b, c are positive real numbers, then prove that [(1 +a) (1 +b) (1 + c);7 >77a% bt ¢t

) Q.18(a) In the quadratic equation ax? + bx + ¢ =0, if A=b?—4acand o + B, o + B?, a® + B2 are in G.P. where
a, B are the roots of ax? + bx + ¢ =0, then

(A) A0 (B) bA=0 (C)cA=0 (D)A=0

n+1
(b) Iftotal number of runs scored inn matches is (—] (2™1—n-2) where n> 1, and the runs scored i ing
the k' match are given by k-2"*1-k where 1 <k <n. Find n. [JEE 2005 (Mains), 2]

page 17 of 26

2 3 n
Q19 If A :(Ej—(éj +(§] SR +(—1)”‘1(§] and B. = 1 - A, then find the minimum natural
4 4

4 4
number n, suchthat B, >A,. Vn>n [JEE 2006, 6]

EXERCISE_4

Part : (A) Only one correct option

1. If X ¢ R, the numbers 5%+ 51 g/2 25%+ 25~ form an A.P. then 'a' must lie in the interval:
(A) [1, 5] (B) [2, 5] (C) [5, 12] (D) [12, )
1V (1) (1Y
2. If x>1and (;j , (;j , (;j arein G.P., then a, b, care in
(A) A.P. (B) G.P. (C) H.P. (D) none of these

3. If A, G & H are respectively the A.M., G.M. & H.M. of three positive numbers a, b, & c, then the
equation whose roots are a, b, & c is given by:
(A)x3-3Ax2+3G3x-G3=0 (B) x3 =3Ax?+ 3(G3H)x - G3=0
(C) x3+ 3AX2 + 3(G3/H)x= G3=0 (D) x® - 3Ax2 -3 (G3/H)x+ G3=0
< 1
4, The sum Z is equal to:
r=2 A" -1
(A) 1 (B)3/4 (C)4/3 _ (D) none _
Ifa,a,a, a,.., a,,bareinA.P.anda.g,, 9, 9,,.....0,,, bareiin G.P. and h is the harmonic mean of
db th a; +ay, ap #ax€_1 an +anig ) |
aandb, then 9192n " 0,920 /1 Tyt On0n+1 Is equal to
2n n
(A) ™ (B) 2nh (C)nh (D) ™
6. One side of an equilateral triangle is 24 cm. The mid=points of its sides.are joined to form another
triangle whose mid — points are in turn-joined to form still another triangle. This process continues
indefinitely. Then the sum of the perimeters of-all the trianglesis
(A) 144 cm (B)212cm (C)288cm (D) none of these
. . o . 1 1- 1- _
7. If p is positive,.then the sum to infinity of the series, - P ( p) ...... is:
Lep @p) | (L+p)’
(A) 1/2 (B)3/4 ©)1 (D) none of these
8. In a G.P. of positive terms, any term is equal to the sum of the next two terms. The common ratio of the
G.P. is
(A) 2 cos 18° (B) sin 18° (C) cos 18° (D) 2 sin 18°
9 If1+1+1+ upto nzthen1+1+1+
. - —— 5 T.o. 0 =— ™ — T... =
1?22 3 i 6 1 3 5
(A) /12 (B) n2/24 (C) n2/8 (D) none of these

o
©

The sum to 10 terms of the series \[2 + 6 + 18 + 54 +...is

(A) 121 (6 + v2) (B)E(ﬁﬂ) (C)243 (43 +1) (D) 243 (V3 -1)

Ifa,a,..a areinA.P. with common difference d # 0, then the sum of the series
(sm d) [cosec a, cosec a, + cosec a, cosec a, + ... + cosec a__, cosec a |
(A) sec a, —sec a_ tB) cosec a, - cosec’ a, (C) cot a, - cof a (D)tana —tana,

=
Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.
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12. Sum of the serles
S=12-22+32-42+ ... —-2002% + 2003? is
(A) 2007006 (B) 1005004 (C) 2000506 (D) none of these
13 |fH—1+1+1+ +1th I f1+3+5+ +2n_li
. 0= 5 3 T e en value o 5 3 T - S
(A)2n—-H, (B) 2n+ H, (C)H,—2n (D)H,+n
_ 1 1 1 1
14. The sum of the series log, 4 + log, 4 + logs 4 + ... + Iogzn4 is
1 1 1 5 1 1
(A) 5 n(n+1) (B) ;n(n+1)(@n+1) ©) nneD (D) 5 n(n+1)
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Part : (B) May have more than one options correct
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10.
11.

Using the relation A.M. > G.M. prove that
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IfS,, S,, S, are the sums of first n natural numbers, their squares, their cubes respectively, then
S;(1+8S,)
52 is equal to
2
(A) 1 (B) 3 (C)9 (D) 10.

If pand g are respectively the sum and the sum of the squares of n successive integers beginning with
‘a’, then nq —p?is
(A) independent of ‘a’ (B) independent of ‘n’ (C) dependenton‘a’ (D) none of these

_ X X(x+a)  X(X+ag)(x+ap) 9
Sum of n terms of the series 1 + a, + 2.3, + 28,2, +...is -
X(X+ay)...(x+a,_q) (X+a))(x+ay)....(x+a,4) X(X+a;)....(x+a,) ©
. B : 2 ! : "> (D) none of these <.
aa,...85 a;a,..a,_1 a;a,...a, %
{a,} and {b } are two sequences given by a, = (x)V?" + (y)¥?" and b, = (x)"/?" - (y)¥?" foralln e N. 8
The value of a,a,a,........ a_isequal to
X+Yy X—y Xy
() x ~y (8) Tp © b, (©) b
Ifa;, a, as ........ , @, are positive real numbers whose product is a fixed number c, then the minimum
value of auta,tagt.. ta,. +2a,is [IIT -2002, 3]
(A) n(2c)Y (B) (n + f) cln (C) 2nctn (D) (n + 1)(2c)n

n
If Zr(r+1) (2r + 3) = an*+ bn® + cn? + dn + e, then

=1
(A)ra+ c=b+d B)e=0 (C)a,b—-2/3,c-1arein A.P. (D) c/ais an integer
The sides of a right triangle form a G.P. The tangent of the smallest angle is
V541 V5 -1 2 2

ONE (8) {5 © 51 ©) | 5-1
Sum to n terms of the'series S = 12 + 2(2)? + 32 + 2(4%) + 52 + 2(62) + ... is

1 1
(A) £y n(n+ 1)2when nis even (B) 5 n? (n + 1) when n.is-odd

1 1
(©) 2 n%(n + 2) when n is odd (D) 7 n(n + 2)2when n.is even.
If a, /b, c are in H.P., then:

a b c 2 1 1

A , , areinH.P. (B) — = +
()b+c—a c+a-b a+b-c ()b b-a  b-c
©) b b b \Gp ®) a b c L

a-_—,-,c—7 areinG.P. , , areinH.P.

22 2 b+c c+a a+hb

Ifb,, b, b, (b,>0) are three successive terms of a G.P. with.common ratio r, the value of r for which the
inequality b, > 4b, — 3b, holds is.given by
(A)r>3 B)r<1 C)r=3.5 (D)r=5.2

(
EXERCISE—S
If a, b, c are in A.P., then show that:
() aZ(b+c),b2(c+a),c2(a+b)arealsoinAP(i)b+c-a,c+a-b,a+b-careinA.P.
If a, b, ¢, darein G.P., prove that :

1 1 1
0) (a2 - b?), (b2 -c?), (c2-d?) arein G.P. (ii) ) , are in G.P.
a2 +b% b?+c® c¢?+d?

0) tan0+cot0>2;if0<0< g (i) (X2y + y2z + z2x) (xy? + yz2 + zx?) > 9x?y?2 72,

(iii) (@a+b).(b+c).(c+a)=abc;if a, b, c are positive real numbers

Find the sum in the n™" group of sequence,

1 (2, 3); (4,5,6,7); (8,9,........ ) M (i) (1), (2,3,4),(5,6,7,8,9),........

If nis a root of the equation x2 (1 —ac) — x (a2+c?) — (1 +ac) =0 & if n HM’s are inserted between
a & ¢, show that the difference between the first & the last mean is equal to ac(a — c).

The sum of the first ten terms of an AP is 155 & the sum of first two terms of a GP is 9. The first term
of the AP is equal to the common ratio of the GP & the first term of the GP is equal to the common
difference of the AP. Find the two progressions.

5 55 555 5555

137 @? " @w? " w
If 0 < x <7 and the expression

exp {(1 + |cos x| +cos?x + |cos3x| +cost X + ....... upto «) log, 4}
satisfies the quadratic equation y2 — 20y + 64 = 0 the find the value of x.
In a circle of radius R a square is inscribed, then a circle is inscribed in the square, a new square in the
circle and so on for n times. Find the limit of the sum of areas of all the circles and the limit of the sum
of areas of all the squaresasnh — .
The sum of the squares of three distinct real numbers, which are in GP is S2. If their sum is o S, show
that a2 € (1/3,1) U (1, 3).
LetS,, S,,...S, denote the sum of an infinite G.P. with the first terms 1, 2, ...., p and common ratios

Find the sum of the series +..uptow
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1
1/2, 1/3, ...., 1/(p + 1) respectively. Show that S, +S,+ ... + S, = Py p(p + 3)

Circles are inscribed in the acute angle a so that every neighbouring circles touch each other. If the
radius of the first circle is R then find the sum of the radii of the first n circles in terms of R and a.
Given that o, y are roots of the equation, Ax2 — 4x + 1 = 0 and B, & the roots of the equation,
Bx2-6x+1=0, find values of A and B, such that «, B, y & § are in H.P.

The airthmetic mean between m and n and the geometric mean between a and b are each equal to

ma+nb

©
: find the m and nin terms of aand b. N
m+n a . S

If a, b, c are positive real numbers then prove that (i) b?c? + c?a?2+ a’bh?> abc (a + b + ¢).
(i) (a+ b +c)*>27abc. (iii) (a+b+c)k>27(a+b-c)(c+a—-b)(b+c—-a) o2
. . S S S n2 %
If 's' be the sum of 'n' positive unequal quantities a, b, c,......., then + + +.>—— . ®©
s-a s-b s-c n-1 <

n
Sum the following series to n terms and to infinity: () Z r(r+1)(r+2)(r+3) -
r=1 o0
0
1 2 3 (i) 1 16 1 24 1 %
+ + e i)y —  + + + +—

1412414 1+4224+2% 1432434 35 3252 5.7 5272 199Q
, 32 2
5 *onn. o
7292 (@)
Let a, b, c d be real numbersin G.P. If u, v, w, satisfy the system of equations -
u+2v+ 3w = 6; 4u + 5V + 6W = 12 I~
6u+9v=4 then show that the roots of the equation r’:
1,110 2 2 2 P
u v Wx+[(b—c)+(c—)+(d b)?]x+u+v +w=0and S
20x2 + 10 (a — d)2x=9=0 are reciprocals of each-other: [IIT-1999, 10] &3

The fourth power of the common difference of an arithmetic progression with integer.entries added to @

the product of any four consecutive terms of it. Prove that the resulting sum is the square of an integer. o

[T - 2000, 4]

If a, b & c are in arithmetic progression and a2, b2 & c2 are in harmonic progréssion, then prove that £ c
o

eithera=b=cora,b& —% are in geometric progression. [IT —2003, 4] D_
ANSWER KEY S
EXERCISE—-1 éc_s’
Q11 Q3. pu=14 =
Q4. S=(7/81){10"1-9n - 10} Q5. 35/222 7))
Q6. n(n+1)/2(n?+n+1) Q7. 27 ¢
Q10. (14n-6)/(8n +23) Ql1. 1 ¥
Q4. (a)9; (b) 12 Q1l6. a=5,b=8,c=12 :
Q18. (8,-4,2,8) Q19. m Q
Q20.(i) 2m™1-3 ; 2™2—-4-3n (ii) n2+4n+1; (U6)n(n+1)(2n+13)+n S
Q21. 120,30 22. 6,3 =
Q23. (i) s,=(1/24) - [1{6(Bn+1)(3n+4)}] ; s, =1/24 (ii) (1/5)n(n+1)(n+2)(n+3)(n+4) g
1 135..(2n-1)(2n+1) o
. _2|= ) _ o
(i) n/(2n+1) (iv) S {2 246...(2n)(2n+2) } =l s
Q24. (a) (6/5)(6"-1) (b)[n(n+1)(n+2)]/6 a
EXERCISE—2 é’
Q6. 8problems, 127.5 minutes Q8 C=9;(3,-3/2,-3/5) g
Q12. (ii)b=4,c=6,d=9 orR b=-2,c=-6, d=-18 Q.13 2499 3
Q15. (a) a= 1 b=9 or b= 1,a=9 ; (b) a=1; b=3or vice versa Q
Q.19 2p3- 9pq +27r=0; rootsare 1, 4, 7 a
x" 1 O
Q23.(a) 1 T (X+D) (X12) . (X4 1) (b) 1 © (ra,) (+a,) ... (L+a,) 2
Q24. n=38 Q 25. 931 2
EXERCISE—3
QL §(2n-1)(n+1y
Q2 S= (1“&"";2 Where a=1-x18&b=1-y¥ Q3. B<(1/3) : y>—(1/27)
Q4. -3, 77 Q5. 8,24,72,216, 648
Q6. @9 C (b) B Q7.(a) B (b) D
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Q8 r=+1/9 ; n=2;a=144/180 OR r=%x1/3;n=4;a=108 OR r=1/81; n=1; a=160

Q9. (a) D (b) A Q10. A=3; B=8
c Q1l. AP Q12. x=22 andy=3
1
g Q13 (@A (bC, (c)D,(d)[(Al,AZ, ............ A,) (Hy Hypeeees Hn)]Zn
=, Ql4. () D Q.16 B Q.18 (a)C, (b)yn=7 Q.19 n,=5
EXERCISE—4
1. D 22 A 3. B 4 B 5 A 6. A 7. A 8. D 9. C 10. A
11.C 12.A 13.A 14.D 15.C 16. A 17.B 18. C 19. A 20. ABCD
21. BC 22. AB 23. ABCD 24. ABCD
EXERCISE-5
4, (iy2n-2@2n+2n-1-1) (i) (n-1)3+n3
. 65 m 2t ¢
6. (3+6+12+.....); (2/3+25/3+625/6+......) 7. 6 8. >3 3
9. 27R%4R2 12, R(l__sm%) [“S?n(ﬂ _1] 13. A=3:B=38
25|n% 1—5|n%
y 2bvVa 2avVb
.m= n=
Va+vb'  +a++vb
17. (i) (1/5) n (n+ 1) (n+ 2) (n+ 3) (N + 4) (ii) M-s 1
' 2% +n+1) ° 2

4 n(n+3)
iii) +—=
32n+3) 9 Qn+$2

(
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